This paper is dedicated to present model independent results for noncommutative quantum mechanics. We determine sufficient conditions for the convergence of the Born series and, in the sequel, unitarity is proved in full generality. * Electronic address: fbemfica, hgirotti@if.ufrgs.br
I. INTRODUCTION
In this work we shall be concerned with quantum systems whose dynamics is described by a self-adjoint Hamiltonian H(Q, P ) made up of the Cartesian coordinates Q l , l = 1, . . . , N and their canonically conjugate momenta P j , j = 1, . . . , N. However, unlike the usual case, coordinates and momenta are supposed to obey the non-canonical equal-time commutation rules Q l , Q j = −2i θ lj , (1.1a) examples of noncommutative systems whose quantization has been carried out [7] . While
Ref.
[2] is concerned with the distortion provoked by the non-commutativity on the spectrum of the hydrogen atom, Refs. [3, 4, 5] deal with the noncommutative two-dimensional harmonic oscillator, an exactly solvable model. In Ref. [6] the authors elaborate about the effects of the non-commutativity in the case of a multi-particle system: the electron gas.
However, model independent developments concerned with the backbones of quantum mechanics are still lacking. Our purpose in this work is to contribute to fill up this gap.
In Section 2 we briefly quote, for future purposes, the main steps leading to the formulation of the quantum dynamics of noncommutative systems in the Schrdinger picture.
Sections 3 and 4 contain the original results in this work. In section 3 we determine sufficient conditions for the existence of the Born series, while in Section 4 we prove that perturbative unitarity holds.
The conclusions are contained in Section 5.
II. QUANTUM DYNAMICS OF NONCOMMUTATIVE SYSTEMS IN THE SCHRÖDINGER PICTURE
A representation of the algebra in Eq.(1.1) can be obtained by writing
where the X's and K's obey the canonical commutation relations
Clearly, the common X-eigenvectors (| x >≡ |x 1 , . . . , x l , . . . , x N >) provide a basis in the space of states for representing the algebra (1.1). Thus, for a Hamiltonian
and, therefore, 4) it has been shown elsewhere [3, 4, 5] that the time evolution of the system, in the Schrödinger picture, is described by the wave equation
where ∇ 2 x designates the Nth-dimensional Laplacian, M is a constant with dimensions of mass while ⋆ denotes the Grönewold-Moyal product [8, 9, 10] , namely,
Refs.[2, 3, 4, 5] illustrate the solving of Eq.(2.5) for some specific models.
III. BORN SERIES IN NONCOMMUTATIVE QUANTUM MECHANICS
Let us return, for a while, to commutative quantum mechanics and consider a system whose dynamics is described by the self-adjoint Hamiltonian operator
where
will be referred to as the free Hamiltonian. Notice that H = H † enforces V = V † since the kinetic energy part H 0 is, by definition, self-adjoint. By construction H 0 does not possess bound states and its continuum energy spectrum is characterized by E > 0. By assumption, the same applies for the continuum spectrum of H although this operator may also possess bound states. Furthermore, we shall set from now on = 1.
For the quantum system under consideration all observables can be obtained from the operator T (W ) defined by the integral equation
is the free Green function for outgoing boundary conditions. By iterating the right hand side of Eq.(3.2) one obtains T as a series,
known as the Born series.
The problem of determining the necessary and sufficient conditions for the Born series to converge was solved by Weinberg [11] long ago. He considers the eigenvalue problem
Since the operator G
0 (W ) V is not Hermitean, the eigenvalues η(W ) may be complex. As for the eigenstates, |ψ ν (W ) , they are assumed to be of finite norm. W is kept negative or complex and is allowed to approach the positive real axis from above. From Eqs.(3.3) and (3.4) one obtains
It was demonstrated by Weinberg [11] that
is a necessary and sufficient condition for the Born series to converge.
We now want to solve the analogous problem for noncommutative quantum mechanics, the essential difference from the above being that instead of V = V (X) we have V =
As point of departure, we start by invoking (3.4) to cast Eq.(3.6) as
Let us concentrate on the linear momentum integral in the right hand side of Eq.(3.7). Since
one concludes that
is a sufficient although not necessary condition for the convergence of the Born series. In other words, (3.9) selects a subset of potentials for which the Born series certainly converge.
To proceed further on we shall be needing k | V | k ′ . Then, we start by looking for
is the eigenfunction of the linear momentum K, corresponding to the eigenvalue k. From Eq.(2.6) one, then, finds
Clearly, Eqs.(3.12) and (3.10) amount to
and, as consequence, 
IV. UNITARITY IN NONCOMMUTATIVE QUANTUM MECHANICS
The scattering amplitude f ( k ′ , k) is given in terms of the T -matrix by
where k = | k| and dΩ k ′ is the element of solid angle centered around k ′ .
Our purpose here is to check (4.2) by taking advantage of the Born series representation for T . It will be assumed that the potential V contains a dimensionless coupling constant (g) that enables one to write V = g U. Then, the Born series in Eq.(3.3) becomes a power series in g. Correspondingly, Eq.(4.2) translates into
where n is a positive integer,
and
Let us first analyze the contributions to the scattering amplitude for n = 1. Since the right hand side in (4.3) does not contain terms of order g 1 no term of such order should arise
We know that this is the case in the commutative version of the theory, since the hermiticity of V secures ℑ k | V (X l ) | k = 0. As for the noncommutative case, we observe that for k ′ = k (forward direction) the exponent in the right hand side of (3.14)
vanishes and, therefore,
To verify Eq.(4.3) for arbitrary n we start by claiming that
whose proof is straightforward but will be omitted for reasons of space. Then, consider
where in going from the second to the third term of the equality we have used (4.6) for m = 1 and p = n − 1. It is not difficult to see that by applying this procedure (n − 2) times one ends up with
which, after recalling that
This last equation reproduces Eq.(4.3) in terms of T -matrix elements and, hence, concludes the purported proof of unitarity. It applies equally well for the commutative and the noncommutative cases.
V. CONCLUSIONS
This work was dedicated to demonstrate that some of the essential ingredients of the commutative version of quantum mechanics remain valid in the noncommutative counterpart.
Our first concern was about the existence of the Born series, since it provides the most powerful tool for calculating the T -matrix. We made explicit the condition to be fulfilled by the potential to that end.
The fact that the non-commutativity does not destroy the Born series greatly facilitated the proof of unitarity, which is an essential requirement for a quantum theory to make sense.
We believe that the results presented in this paper contribute to support noncommutative quantum mechanics as a sound quantum theory.
